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Let M and N be compact Riemannian manifolds and let F : M -> N be a map from one to the other. We can deform F by its intrinsic Laplacian to smooth the map out; the resulting equation is called the harmonic map heat flow. In their paper [3] , Eells and Sampson introduced this flow and proved that if the target N has non-positive sectional curvature, then the solution exists for all time; and a subsequence converges to a harmonic map F, one with AF = 0. When N has curvature of unrestricted sign, singularities may develop, and it is interesting to see what form they may take. Partial answers have been given by Struwe in the case [10] where dim M = 2 and in the case [11] where M = R m is an Euclidean space. In the latter paper Struwe introduces an important monotonicity principle. In [4] we generalize Struwe's argument to the case of a curved domain. This involves some nontrivial estimates on the matrix of second derivatives of the heat kernel on a curved space, which are given in [5] . Using the monotonicity formula and local estimates on the higher derivatives D k F of the map derived in section 2 (following the line of WanXiong Shi in [8] and [9] ) we rederive Struwe's ^-regularity result in section 3 and the following partial regularity result in section 4 (see [11] and [2] ).
Theorem 0.1. Let F be a solution of the harmonic map heat flow from M^toN 71 on 0 < t < T with energy bounded by EQ. There exists a closed set S with finite m -2 dimensional Hausdorff measure such that F(x, t) converges smoothly y to a limit F(x, T) as t -> T on compact sets in M -S. Moreover there exists a constant C depending only on M,N and EQ, such
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that if U is any open set containing S then

Hm-2(S)<C\immf f \DF\ 2 . t-^T Ju
We then consider blow-ups of the solution at points X in the singular set S.
The point X is singular if F(x, t) does not converge smoothly to a limit in a neighborhood of X as t -» T. If there are no singular points, the solution can be extended past T. Hence either the solution exists for all time, or there is some x and some T where the solution is singular. We prove the following result for rapidly forming singularities in section 5. We begin the paper with a computer study giving an example of a rapidly forming singularity for a map of S z to S 3 , and show how it is asymptotic to a homothetically shrinking soliton mapping B? to a hemisphere of S 3 . Moreover, the computer continues the solution past the singularity, and as the singularity smooths out it is asymptotic to a homothetically expanding soliton.
We confine our attention to maps of S' n to S n which are rotationally symmetric around a north and south pole. In the study we take n -3, but n > 3 should look similar. We let r denote the distance along the first sphere from the north pole, and R the same distance on the second sphere. The Riemannian metrics on the spheres are ds 2 and the evolution can be expressed in terms of the function R = i?(r, t). We will have the north pole go to the north pole and the south pole go to the south pole, so R = 0 at r = 0 and R = r at r = r, until the singularity forms. At the critical time T we get R -r/2 at r -0, and immediately after we jump to R = r at r = 0. The energy map F is
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dr and from this we can compute the harmonic map evolution of i?, which is
where we use the spherical Laplacian We start the evolution with a function R which is close to the identity map but shifted slightly toward the south pole. Since the identity is an unstable critical point of the harmonic map energy, the solution begins to drift south. As we approach the critical time T a very small neighborhood of the north pole in the domain maps to cover the entire northern hemisphere in the target. At the critical time T the map F is discontinuous at the north pole, and its image covers only the southern hemisphere. Subsequently the map closes up, so that it covers almost all of the southern hemisphere twice. As time evolves, the region covered twice shrinks toward the south pole, and no further pathology happens.
The physical reason for the flip is that it takes very little energy to map a small ball to a hemisphere in dimension n > 3. The solitons can best be seen by graphing R as a function of £ and £; as t increases to T the function R for r ^ 0, corresponding to log £ ~ +oo, looks like a wave traveling forward, while for t past T the function R looks like a wave traveling backwards. In the rest of this paper we only consider the formation of singularities; but the computer study suggests there are similar models for their dissipation. Here we exhibit the graphs coming from the computer.
Very different behavior happens when the domain M has dimension 2. In this case there are no homothetically shrinking solitions, and all singularities form slowly, i.e. (T -t)\DF\ 2 is unbounded. Nevertheless they do form in finite time, and they are asymptotic to a harmonic map of R 2 into the target. (See Struwe [10] for a proof that the singularities are isolated points in space-time, and the recent work of Chang, Ding, and Ye [1] for an example of a singularity on a surface forming in finite time.) We can get similar phenomena in higher dimensions by crossing with a flat R k in the domain, with no change in the map. Hence slowly forming singularities can form in any dimension m > 2. We would analyze them also. It seems reasonable to conjecture that for any slowly forming singularity there is a sequence of dilations of the solution which converges either to a harmonic map, or to a translating solition, i.e. a solution of the harmonic map heat flow Of course in case v = 0 the soliton is just a stationary harmonic map. It would be interesting to exhibit such a translating soliton with v / 0, and very interesting to show hoe it arises as a limit of dilations of solutions coming from a compact domain M.
§2.Next we prove local bound on the higher derivatives of a solution to the harmonic map heat flow. In the sequel we will use parabolic cylinders
x) < r and T -r 2 < t < T}
We start with a useful lemma on scalar functions. Then ^p has support in B r (X) and we can check that □ §3.Now we prove an ^-regularity result similar to that in Struwe [11] . We start again with a lemma. For any X and T and any r > 0 we define as before the parabolic cylinder of radius R around (X, T) by
P r (X J T) = {(x,t) :d(x,X) <r,T-r 2 <t<T} .
and we let &(£, r)be the backwards solution of the heat equation on M which becomes a delta function at the point £ at time r.
Lemma 3.1. There exist constants 6 > 0 and 7 in 0 < 7
< 1 depending only on the manifolds M and N, with the property that if F is any solution of the harmonic map heat flow in a parabolic cylinder Pr(£, r) of radius r < 1 around a point £ e M and time r e R with values in N such that \DFte,T)\ = l/r and \DF(x,t)\ <2/r for all (x,t) e Pr(£, T) then for 9 = r -jr 2 we have (T-0) I \DF{x,e)\ 2 ku r) {x,e)dx>8.
JM
Proof. By the local estimate on higher derivatives given by Theorem 2.2 we can find constants depending only on M and N such that by the symmetry of the heat kernel. Therefore
(r -a)% T) 0M) < C(T -a)k {XiT) (x,t) + r,/2Eo
and we conclude that
for all (£, r) G PpiX, T) provided that we choose e > 0 with Ce < r//2. Using this p we define
and consider the function
ip{x,t)\DF{x,t)\
on Pp(X,T). It will attain its maximum at some point (£,T) with ip^r) > 0. Let a = </?(£, r) and let A = a|I>F(^r)|.
It is easy to check that Pa(^r)CP p (X,T) and that <pM><r/2foT(x,t)eP a/ 2(S,T).
Consequently if r -a/A \DF(S,T)\<2A/<T = l/r and
\DF(x } t)\<2A/a = 2/r
when (a;,t) G P r (^,r), as long as r < a/2. Now if r > a/2, then A = a/r < 2, and since y?(a;, t) > p/2 for (a?, t) G P p /2{X, T) we get a bound |.DF(a;, t)| < B with JB = 2A/p, finishing the theorem. Otherwise we continue by applying Lemma 3.1 to conclude that for some 6 > 0 and 7 with 0 < 7 < 1 we have
k^T ) (x,e)dx > 6
JM with 9 = r -77\ Since r < G/2, 6 >T -a/2. Now the expression
Z(t) = (T-t) [ \DF{x,t)\\ tT) (x,t)dx JM
satisfies the monotonicity principle of Corollary 1.4; we can find a constant C such that
Z{9) <CZ(a) + CEo(6-a).
We know that 9 -a < T -a < (3 and (3 can be chosen so small that CEQP < 6/2. We can also choose rj so small that cq < 8/2. Then since Z(a) < 77 we get Z(9) < <5, which is a contradiction. This completes the proof. □
Corollary 3.3. Given M, JV and EQ, there exist and e > 0 and a (3 > 0 such that if F is any solution to the harmonic map heat flow from M to N on 0 < t < T and if (T-t) \DF(x,t)\ 2 k { x,T)(%,t)dx<e JM for some t inT -(3 <t <T then F(x, t) extends smoothly on 0 < t < T in some neighborhood of X.
Proof We apply the above estimate to the translates F(x, t) = F(x, t -() for ( > 0 and let ( -► 0. This gives uniform estimates on \DF(x, t)\ in some parabolic cylinder P r (X, T) uniform for t < T. The estimates on the higher derivatives then follow from the bound in Theorem 2.2. □ §4. We recall the definition of fc-dimensional Hausdorff measure. Let M be a compact Riemannian manifold of dimension m. For any k with 0 < k < m let /ik be the volume of the unit ball in R k and define the fc-dimensional measure of a set S C M by
and r ir where B r (x) is the geodesic ball of radius r around x. We shall need the following lemma, which says that any set S can be approximated by a good subset S. Proof. Pick ro so small that if S C (J. B rj {xj) with r^ < ro then as we can do from the definition. Now if possible we pick n = ro and pick xi € M so that
If not, we take n = ro/(l + 77)^ and try again. We continue to diminish riuntil we succeed;but if nor -1 works we stop the process. Otherwise we pick r2 = ri and try to pick ^2 € M so that 
Mfc EJ+Et >{l-rj)H k {S).
Combining these estimates gives
Now since Wfc(E) = ^k{S) -Hk{S) we get n k {S)>{l-2r,)n k {S).
Finally it follows from the choice of the rj and Xj that for any r < ro and any x e M we have
The reason is that otherwise we would have chosen this ball instead. For if Proof. We take 77 = 1/4 in the previous lemma. Then for any S we can find an S with Hk{S) > ^Hk(S) and an ro > 0 such that for any x and any r < ro n k {B r (x)nS)<5ii k r k .
Now we need an upper bound on the heat kernel, such as is given in Corollary 3.1 of the paper by Li and Yau [7] ; this shows that for any a < 1 there is a constant C such that for 0 < t < 1
Since t\og(l/t) -► 0 as t -> 0, we can find to > 0 such that if t < to then with a constant C independent of S.
To estimate the rest of the integral, let rj = ro/2 j for j > 0 and let Sj = {yeS: rj < d{x,y) < 7V_i} . where Uj+i = Uj/2. Now the latter sum is bounded independently of Uo < oo. This will prove the result. To see the sum is bounded, we divide it into two parts. Suppose Uj > 1 for j < £ and uj < 1 for j > £. Then
3>£ j>e
For the other terms we use We then proceed to blow up the solution F{x ) t) by expanding in space and time. We dilate M only, but not N. Then a subsequence will converge to a map F : IT x [-oo, 0) -> N where we identify i? m with the tangent space to M at X and let
F{u, v) -lim F(exp x \u, T + \ 2 v).
x-►()
We see that F is smooth and also satisfies the harmonic map heat flow and the dilation-invariant estimates
Moreover it turns out that F is itself dilation invariant. We call a solution F of the harmonic map heat flow satisfying the dilation-invariant condition
F{x,t) = F(Xx, \h)
a homothetic solition, since it moves without changing its shape except by dilation. This proves that if F satisfies the dilation-invariant growth condition \DF\ 2 < C/{T -t) then every singularity is asymptotic to a homothetic solition. Moreover if X is a singular point, then from Corollary 3.3 we know that for all t in T -0 < t < T we have 
